Abstract-This paper presents a model-order reduction technique to extract nonlinear dynamic compact thermal models (DCTMs) with multiple (>1) heat sources. The approach leads to nonlinear DCTMs of small state-space dimensions that allow accurately reconstructing the whole temperature and heat flux fields induced by arbitrary power waveforms in complex structures composed of many materials with thermal conductivities showing different values and temperature dependences. The DCTM extraction requires a small fraction of the CPU time needed for the simulation of a power step response using the finite element method (FEM), while ensuring a very high level of precision. Therefore, the adoption of the proposed strategy is a viable alternative to FEM for performing efficient and accurate nonlinear transient analyses: The advantage of using a DCTM is magnified if many power input waveforms have to be considered for the same structure since any further simulation of the extracted DCTM is nearly instantaneous. As a case study, the proposed technique is used to investigate the impact of two cooling solutions on the thermal behavior of a three-die module in ultra-thin chip stacking technology.
I. INTRODUCTION

I
T IS commonly recognized that overheating can jeopardize the performance (e.g., in terms of speed), functionality, and reliability of electronic devices, circuits, and systems. Thermal effects are especially relevant if higher integration density is to be pursued. In the case of multichip systems, self-and mutual heating are often the limiting factor in determining the performance: Throttling algorithms for task scheduling across many dies and solutions for managing as well as modeling the heat transfer are therefore required [1] - [3] .
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Digital Object Identifier 10.1109/TCPMT.2016.2623420 difference or finite element methods (FEM). Unfortunately, the transient solution of 3-D ICs with complex geometries and nonlinear thermal effects (i.e., temperature-dependent material parameters) is very onerous-or even unviable-in terms of CPU/memory requirements. Hence, a strong need arises for alternative approaches suited to alleviate the computational burden without sacrificing accuracy. To this purpose, several model-order reduction (MOR) techniques have been developed and exploited for extracting dynamic compact thermal models (DCTMs) [4] - [9] .
Most MOR techniques apply exclusively to linear thermal problems, as underlined in [6] . By starting from a linear DCTM, the temperature dependence of the thermal conductivity can be a posteriori accounted for with the Kirchhoff's transformation [10] - [12] . However, this procedure works correctly only for very simple geometries, while unacceptable inaccuracies are introduced in complex structures, as witnessed in [13] , [14] and in the following of this work.
A few techniques, such as proper orthogonal decomposition methods, can be in principle used to extract DCTMs of nonlinear problems. In these approaches, transient FEM simulations have to be performed for chosen training sets of power waveforms [5] . This often leads to prohibitive efforts in practical applications. Moreover, the resulting DCTMs can turn out to be inaccurate for power waveforms not included in the chosen training sets.
In [13] and [14] , a MOR technique for the extraction of DCTMs of nonlinear heat conduction problems has been proposed, which does not require onerous transient FEM simulations since it relies on the evaluation of a limited number of Volterra's series terms in the expansion of the thermal field from proper linear heat conduction problems in the complex frequency domain. Furthermore, the extracted DCTMs turn out to be accurate for all significant waveforms of injected powers. However, with this method, only one heat source (HS) can be active at a time. This implies that the achieved nonlinear DCTMs are unable to describe coupling between two or more concurrently active HSs.
This drawback is overcome by a nonlinear MOR technique proposed in [15] , which generalizes [13] from one HS to multiple HSs.
In this paper, an improved variant of the algorithm in [13] and [15] is proposed for the extraction of nonlinear DCTMs for electronic systems of practical relevance with multiple HSs. The approach is based on the reformulation of the nonlinear 2156-3950 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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heat conduction equations with multiple HSs in an equivalent form, which extends [15] by: (i) accounting for a more general temperature dependence of the thermal conductivities, and (ii) allowing the direct construction of DCTMs by projection with a novel algorithm. The basis functions used for projection are derived evaluating a careful selection of the Volterra's series terms in the expansion of the thermal field due to multiple HSs [16] , [17] . The DCTMs are iteratively extracted by the proposed algorithm that allows extensively speeding up the evaluation of the selected Volterra's series terms with respect to [13] and [15] . As a result, the execution requires only a fraction of the CPU time necessary for a single FEM transient simulation of a power step response. The achieved DCTMs have very small numbers of degrees of freedom (DoFs) with respect to the FEM equations, so that their simulations can be typically performed in negligible CPU time. Moreover, such DCTMs match a set of the kernels in Volterra's series of the thermal field, which allows maintaining the same level of accuracy of FEM equations for all significant waveform combinations of the injected powers. The proposed technique is exploited to examine the thermal behavior of state-of-the-art three-die modules in ultra-thin chip stacking (UTCS) technology; more specifically, the beneficial influence of two solutions conceived to mitigate thermal issues is investigated.
The remainder of this paper is organized as follows. In Sections II and III, the heat conduction problem with multiple HSs is equivalently reformulated to allow the extraction of structure-preserving nonlinear DCTMs. In Section IV, the algorithm for extracting the DCTM from the Volterra's series expansion of thermal field is described using a compact matrix-based formulation. In Section V, the proposed DCTMs are fruitfully applied to the UTCS structures. The conclusions are then given in Section VI. In Appendixes A-D, the definition of Volterra's series expansion for thermal problems with multiple HSs is provided, and the Volterra's kernels matching property satisfied by the extracted DCTMs is shown.
II. REFORMULATION OF THE NONLINEAR HEAT EQUATION
As in [13] , the nonlinear heat diffusion problem in the spatial domain is ruled by the equation
in which the unknown ϑ(r, t) = T (r, t)−T 0 is the temperature rise with respect to ambient temperature T 0 = 300 K, function of the position vector r and of the time instant t, and consequent to the application of the power density q(r, t) [W/μ 3 ]. When considering electronic modules fabricated in UTCS technology, the thermal conductivity k [W/μmK] of the materials is commonly assumed to depend on ϑ(r, t) according to
in which parameters k 0 (r), k 1 (r), and m(r) are materialdependent, while the specific heat c(r) [J/kgK] and the mass density ρ(r) [kg/μm 3 ] are commonly assumed to be temperature-independent without sacrificing accuracy [18] . Following what is typical for electronics applications, (1) and (2) are completed with homogeneous initial conditions
and Robin's type boundary conditions (BCs) on ∂ , boundary of , with outward normal unit vector n(r)
in which the heat exchange coefficient h(r) [W/μm 2 K ] is temperature-insensitive [19] , [20] . Homogeneous Neumann and Dirichlet BCs can be obtained as a limit case of (4) by considering h(r) = 0 and h(r) → ∞, respectively. Extending [13] , a multiport DCTM can be defined as usual according to [7] . The power density q(r, t) is assumed in the form
in which P i (t), i = 1, . . . , p, forming column vector P(t), are the powers dissipated by the active HSs and injected at the p ports of the DCTM, while
define the average temperatures of the active HSs, measured at the p ports of the DCTM, forming column vector T(t). It is noted that functions g i (r), with i = 1, . . . , p, define the volumetric spatial shapes of the active HSs. The nonlinear heat diffusion problem is reformulated in an equivalent way, extending the technique developed for oneport thermal models [13] . The novel formulation is based on the introduction of the additional variable
which allows rewriting the heat diffusion problem (1)-(4) in the following equivalent equations:
with (8) being the BC over ∂ , and initial condition
The λ(r, t) variable is proportional to the variation of thermal conductivity with respect to its reference value at ambient temperature. The introduction of λ(r, t) allows rewriting the nonlinear heat diffusion equation so that only quadratic nonlinearities occur, as it is useful for the subsequent construction of the DCTM.
III. STRUCTURE-PRESERVING COMPACT MODELING
A p-port DCTM can be obtained by a structure-preserving projection of the reformulated nonlinear heat diffusion equations described in Section II. The extracted DCTM, besides providing as output the temperature rises over ambient at the ports, allows computing an accurate approximation of the temperature field in all the points of the spatial domain .
The unknown quantities ϑ(r, t), λ(r, t) are approximated withθ(r, t),λ(r, t) obtained by the expansionŝ
which exploit a small number of space-only dependent basis functions ϑ j (r), j = 1, . . . ,n ϑ , and λ k (r), k = 1, . . . ,n λ , that are carefully evaluated as detailed in Section IV. The DoFŝ ϑ j (t), j = 1, . . . ,n ϑ , form column vectorθ(t), and the DoFŝ
The system of ODEs describing the coupled time evolution ofθ(t) andλ(t) can be obtained extending [13] as follows. Multiplying (7) by ϑ i (r), integrating over , subsequently applying the divergence theorem, and using (8), (11) , and (12), the following matrix equation is obtained:
in which ⊗ indicates Kronecker's tensor product,
[·] indicating the integral part. Analogously, by multiplying (9) by λ i (r), integrating over and recalling (11) and (12) , the following matrix equation can be written: 
The DCTM is defined by (13) and (15), coupled with the following initial conditions obtained starting from (3) and (10), which results inθ(0) = 0 andλ(0) = 0.
The proposed DCTM assumes arbitrary spatial distributions of thermal conductivity, specific heat, and heat exchange coefficients. Any variation of such thermal properties requires a novel extraction of the DCTM.
As output, the DCTM port temperature can be evaluated from (5) as follows:
in whichĜ = [ĝ i j ] is given by (14) . Once the DCTM variablesθ(t) andλ(t) have been computed, the complete temperature field in at any time instant can be evaluated by resorting to (11) and (12).
IV. DCTM EXTRACTION ALGORITHM
In the proposed approach, the basis functions for extracting the multiport DCTM are derived in terms of the Volterra's series expansions introduced in Appendix B [13] .
Precisely, few of the first Volterra's series expansion terms 
. , n (s).
More specifically, the vectors s m at which the Volterra's series expansion terms are computed are chosen as in [13] . Thus, let σ 1 < σ 2 < . . . σ N be the set of N positive real frequencies introduced in the Multi-Point Moment Matching method [7] - [9] . Such frequencies are used to define the following set of vectors:
For each chosen value of s m given by (17) , a set of powers 1 (s), . . . , p (s) is chosen as follows. Let β = (β 1 , β 2 , . . . , β p ) be a vector of p nonnegative integers, such that |β| = β 1 + β 2 + · · · + β p = m, and let I β be the set of indices of the nonzero elements of β. For each of these β vectors and for each q ∈ I β , the following values of powers j (s), with j = 1, . . . , p, are introduced:
Estimate residual γ of (19) approximating
Iteratively solve (A.13), (19) 
The algorithm for extracting the DCTM is reported as Algorithm 1.
In this algorithm, at step 3, the single equation (19) in the unknown m (r, s m ) is derived from (A.10) and (A.12).
Since the left-hand side is known from previous iterations, this together with (A.13) defines a linear heat diffusion problem in the complex frequency domain, at a positive real frequency |s m |. Its solution can be approximated by any standard discretization method, such as FEM, here adopted for the case studies. Also, any iterative solver for symmetric positive definite coefficient matrices theoretically ensures the convergence to the solution of this problem. Here, the algebraic multigrid method AGMG is adopted [21] . The computational cost for the iterative solutions of such linear heat diffusion problems, which is the dominant part of the complexity of the whole algorithm, is reduced by a careful choice of the initial guess. At step 4, (A.11) is substituted into (A.13) in order to determine directly m (r, s m ).
At step 5, the DCTM R K of (13) and (15) is obtained as in Section III by projection onto the space spanned by basis functions ϑ k (r), λ k (r), k = 1, . . . , K . The computational cost for the extraction of the DCTM is reduced by updating R K −1 to R K , which can be straightforwardly performed since the (r, s m ) . This algorithm requires the computation of the first M Volterra's series terms of the thermal field evaluated for N chosen frequency vectors, for all the selected power vectors defined in (18) . More specifically, the number of power vectors for which such Volterra's series terms are indeed computed at step 3 results to be linearly dependent on the number p of ports of the DCTM. This further reduces the computational cost of the algorithm that hence in practice can be applied for easily extracting DCTMs with a number of HSs up to about 10-20.
As proven in Appendix D, the proposed choice of basis functions leads to DCTMs matching each m-order Volterra's kernel of the nonlinear heat diffusion problem, at all the selected frequency vectors s m , with m = 1, . . . , M, thereby providing high accuracy.
V. CASE STUDY
Nowadays, 3-D ICs are of great interest for semiconductor industries since they allow very large integration density by stacking active silicon (Si) chips within the same module, thus ensuring low size and weight. This promising technology has been successfully used to integrate, e.g., processor cores in a layer, and queue, uncore, I/O, memory controller in another layer [22] , multicore processor and DRAM to tackle the problem of memory access latency [23] , as well as more multicore layers [24] . Extremely dense modules are fabricated in the emerging UTCS technology, which exploits recent advances in thinning, interconnection, and attachment techniques. In UTCS systems [20] , [25] - [27] , Si chips thinned down to <20 μm are vertically integrated on a host (inactive) Si substrate, the electrical insulation being ensured by benzocyclobutene (BCB), a photosensitive polymer with good planarization and adhesive properties [28] ; the structure embedding the stacked chips is bonded to the Si substrate through a BCB layer.
Unfortunately, the thermal integrity of 3-D ICs is a major concern due to the high power density of the active circuitries (i.e., HSs) on the chips-processors can dissipate up to 300 W/cm 2 [29] -and the low thermal conductivity of the interlayer dielectrics, which radically counteract the downward heat flow. The high temperatures and thermal gradients may indeed lead to performance degradation (e.g., to timing errors) and, in severe cases, reduction in the long-time reliability and even chip failures [29] .
In particular, the thermal conductivity of BCB in UTCS architectures has been estimated to fall in the span 0.18 to 0.3 × 10 −6 W/μmK at temperature T 0 [20] , [25] , [28] , [30] (the Si counterpart lying between 1.4 and 1.5×10 −4 W/μmK). The adverse impact of BCB has been enlightened in a number of papers [13] , [20] , [25] , [31] , [32] .
In order to alleviate thermal issues in these structures, various technological solutions relying on thermal drains have been proposed, the aim of which is to enhance the heat flow from the power dissipating areas (i.e., the active circuitries on the chips) to the Si substrate. In [25] and [29] , a Cu grid integrated in the dielectric between Si chips has been proposed, which can also be supported by a lateral Cu plate to improve the heat extraction along the periphery of the module [25] . An effective strategy to improve the heat removal involves the adoption of Cu thermal through-silicon vias (TSVs) in addition to the signal TSVs [22] , [24] , [29] , [33] - [38] . Up to 10 4 thermal TSVs (corresponding to more than 10% of the horizontal area of the chips) should in principle be exploited to significantly cool down the circuitries [33] , [36] ; unfortunately, this gives rise to reduction in routing space, and planning troubles may be encountered due to the congestion with the signal vias [33] , [36] . In order to tackle this problem, thermal via (TV) regions have been proposed in [34] , that is, thermal TSVs are gathered only in assigned areas where they have the greatest impact in terms of temperature reduction; this yields regularity and uniformity in the design process, thereby minimizing the optimization complexity.
Here we make use of the approach described in Section IV to examine the dynamic thermal behavior of a three-level UTCS module subject to a concurrent activation of the HSs; this extends the analysis performed in [13] on a similar structure, in which only one HS at a time could be turned on. The module is shown in Fig. 1(a) , along with the horizontal and vertical dimensions of all the layers; the three 10-μm-thick Si chips are denoted as the 1 st -level (lower), 2 nd -level (intermediate), and 3 rd -level (upper) . We analyze and compare the beneficial influence of two thermal draining solutions by monitoring the temperature field over the HSs.
• Following [34] and [37] , we exploit an even distribution of 100 × 100-μm 2 Cu TV regions, each including 10 × 10 TSVs, as illustrated in Fig. 1(b) . In order to reduce the huge effort expected for both the meshing and simulation tasks, we resorted to the following strategy [24] , [34] , [37] : Each TV region was modeled as a homogeneous material, the parameters of which were evaluated by a weighted average; as an example, the thermal conductivity within Si and BCB was calculated as
respectively, ρ TSV being the percentage of thermal TSVs in the TV region (ρ TSV = 0.25 for the case under analysis). The applicability of this approach was witnessed by the comparative study conducted in [37] .
• Similar to [25] , we consider two Cu grids embodied in the planarization BCB layers between Si chips, and composed of 2-μm-thick 20-μm-wide 71 ×71 bars with sideto-side spacing equal to 60 μm, as shown in Fig. 1(c) ; the heat extraction is obtained by connecting the grids to the host Si substrate through a peripheral 50-μm-wide Cu via. The 3-D tetrahedral meshes were created by the commercial FEM tool COMSOL [39] . Although smart mesh refinement features and size parameters are available in the software, the meshing process of all the structures shown in Fig. 1 was highly cumbersome due to their geometrical complexity (as an example, some layers suffer from a significant discrepancy between the horizontal and vertical dimensions). CPU time and memory storage were minimized by meshing and simulating only one quarter of the modules; adiabatic BCs were applied to the planes of symmetry to virtually restore the missing portions. The numbers of elements of the COMSOL meshes and the DoFs required for a second-order FEM discretization are reported in Table I . The heat removal due to the signal interconnections was disregarded. The AlN header of the package was assumed to be in intimate contact with an ideal heat sink at temperature T 0 ; adiabatic BCs were considered for all other surfaces of the structure. The values of the material parameters adopted for the simulations are reported in [13] ; in particular, the thermal conductivity of the BCB was assumed to enjoy a positive temperature coefficient (case B in [13] ). For all cases, the same transient sequence of square-wave powers dissipated by the HSs shown in Fig. 2 was applied.
Nonlinear 3-D thermal simulations were performed with either COMSOL (FEM) or the DCTMs described in Section IV for the module without cooling solutions [ Fig. 1(a) ], as well as for the same module equipped with thermal Cu TSVs [ Fig. 1(b) ] and with interlayer Cu grids connected with the substrate [ Fig. 1(c) ]. Resultsobtained through a PC equipped with a single i7-3820QM and 32-GB RAM-were compared in terms of both accuracy and execution time. Fig. 3 shows the evolution of the temperature rise over ambient ϑ averaged over the HSs of the stacked Si chips for all the cases under analysis. The following remarks are made.
• The DCTMs were extracted by choosing the frequency vectors s m as described in Section IV, with M = 3 and N = 10. The discretized linear heat diffusion problems in the complex frequency domain were solved by the algebraic multigrid method described in [21] . By applying the proposed algorithm with ε = 10 −5 , a DCTM witĥ n ϑ =n λ = 67 was obtained.
• The evidence of the accuracy of the proposed DCTM approach is overwhelming: results virtually coincide with the conventional FEM ones, the maximum discrepancy being in the order of 0.1%. Moreover, despite the domain complexity and the sharp edges of the power profiles, the CPU time needed for the DCTMs generation and solving with the ode15 MATLAB routine-the latter being negligible with respect to the first-amounts to about 2 h, which is extremely lower than the one required by FEM, as summarized in Table I . More specifically, the DCTM approach allows a reduction factor ranging from 22.5 for the module without thermal drains, to 66.5 and 109 for the more sophisticated architectures equipped with Cu TV regions and grids, respectively.
• The highest temperatures are reached by the 3 rd -level HS due to its adiabatic top surface; in particular, for the noncooled module, ϑ exceeds 170 K over the time range within which all HSs are activated (from 45 to 130 ms). Conversely, the 1 st -level source benefits from the close proximity with the Si substrate, which leads to ϑ slightly higher than 60 K in the same time span.
• The thermal Cu TSVs are much more effective than Cu grids in extracting heat from the active circuitries; in the aforementioned time range, the average ϑ of the 3 rd -level HS is reduced from 173 to 160 K (−7.5%) by exploiting the grids, and to 71 K (−59%) by using the TSVs, respectively. This result was expected due to the large number of TV regions, which sink the heat directly from the active areas, thus favoring an effective downward heat flow to the substrate. It is noted that the grids do not have any impact on the thermal behavior of the buried 1 st -level chip, which is a foreseeable result. As mentioned in Section III, the DCTMs allow determining the temperature field in all points of the domain in a postprocessing stage. Again, the results are identical to those evaluated by means of FEM. This is witnessed by Figs. 4 and 5 , which illustrate the ϑ distribution along the x-and the z-axes for all the structures under test at the time instants t 1 , t 2 , and t 3 identified in Fig. 2 . Lastly, in Fig. 6 the results of nonlinear simulations performed by DCTM are compared to the linear counterparts obtained either by considering temperature-insensitive material parameters set to the values at T 0 , or-similarly to [13] -by merely applying the Kirchhoff's transformation based on the Si power factor m = −1.33 in [13, eq. (12) ] to the linear temperature. For all cases, the latter approach provides an overestimation of the averaged ϑ; as far as the 3 rd -level chip is concerned, in the time frame from 45 to 130 ms, the increase is significant and amounts to 160% for the module without thermal drains and 120% for the one with grids, respectively. Only a 9% growth is instead obtained for the structure with TV regions since the temperature is kept low and nonlinear thermal effects do not play a relevant role. For the first two cases, the nonlinear temperatures are lower than the linear ones, which can be explained as follows: The heat emerging from the chips flows through BCB (entirely in the module without cooling solutions, mostly in the module with grids); as nonlinear thermal effects are accounted for, the thermal conductivity increase of BCB prevails over the decrease associated to Si, Pb/Sn, and AlN. For the structure with TSVs, the linear temperature is the lowest, since the thermal conductivity of the TV regions through BCB is dominated by Cu according to (21) , that is, the impact of BCB is marginal.
VI. CONCLUSION
In this paper, a novel MOR technique based on Volterra's series expansions has been proposed for the extraction of small-order DCTMs for nonlinear heat conduction problems including many HSs that can be active at the same time. The adoption of the DCTM for dynamic thermal analyses is an extremely efficient alternative to FEM transient simulations, since it fully captures the temperature and heat flux fields for any given mesh describing an arbitrary geometry and for any-even rapidly varying-power waveform. Moreover, once the DTCM has been generated, any subsequent simulation performed by modifying the power waveforms is almost instantaneous. The proposed approach has been exploited to compare the effectiveness of interlayer Cu grids or thermal TSVs in reducing the temperature rise in a state-of-the-art UTCS module comprising layers with highly different (i) thermal conductivities, and (ii) thermal conductivity dependences on temperature. Compared to the reference simulation with typical power levels for a three-level UTCS with no heat spreading solutions, the adoption of Cu grids allows reducing the average temperature rise over the hottest HS by 7.5%, while a decrease of 59% is obtained by resorting to TSVs. The adoption of the MOR technique allows saving a factor of 22.5 in CPU time for the basic structure without thermal drains, and of 66.5 and 109 for the more sophisticated architectures equipped with TV regions and grids, respectively, while still preserving very high accuracy. As witnessed by the reported case study, the presented MOR approach can thus support a thermal-aware design of 3-D ICs prone to nonlinear thermal effects.
APPENDIX A VOLTERRA'S SERIES EXPANSION PROPERTIES
Given a multiple-input-multiple-output (MIMO) timeinvariant nonlinear dynamical system, under mild regularity assumptions, any output variable y(t) can be written as a function of the inputs u 1 (t), . . . , u n (t) by resorting to the Volterra's series expansion [16] , [17] 
. , s m ). The Laplace transform Y (s) of y(t)
can be obtained from the Laplace transforms of the inputs
in which the Volterra's series expansion terms are By introducing the additional variables ϕ(r, t) and ω(r, t), time derivatives of ϑ(r, t) and λ(r, t), respectively, (7)- (9) are rewritten, respectively, in the form
ρ(r)c(r)ϕ(r, t) + ∇ · (−(k(r) + k(r)λ(r, t))∇ϑ(r, t))
= p i=1 g i (r)P i (t) (A.7) −(k(r) + k(r)λ(r, t)) ∂ϑ ∂n (r, t) = h(r)ϑ(r, t) (A.8) (T 0 + ϑ(r, t))ω(r, t) = m(r)(1 + λ(r, t
))ϕ(r, t).
(A.9)
Quantities ϑ(r, t), λ(r, t), ϕ(r, t), ω(r, t) can be interpreted as the output variables of a MIMO time-invariant nonlinear dynamical system having as input variables In a similar way, by introducing the additional vectorŝ ϕ(t) andω(t), time derivatives ofθ(t) andλ(t), respectively, DCTM equations (13) and (15) can be rewritten, respectively, in the form
Cφ(t) +Kθ(t) + K (θ(t) ⊗λ(t)) =ĜP(t)
(A.15)
Quantitiesθ(t),λ(t),φ(t),ω(t) are the output variables of a MIMO time-invariant nonlinear dynamical system having as input variables P 1 (t), . . . , P n (t). Lastly, using (11) and (12) , the Volterra's series of the approximationsθ(r, t),λ(r, t) provided by the DCTM are recovered asˆ Multiplying both members of (A.10) by ϑ i (r) and integrating over the spatial domain result in
Multiplying both members of (A.11) by λ i (r) and integrating over the spatial domain result in
Multiplying both members of (A.12) by ϑ i (r), integrating over , applying the divergence theorem, and recalling BC (A.13) lead tô
Finally, multiplying both members of (A.14) by λ i (r) and integrating over results in and λ(r, t) are matched by the DCTM for all frequency vectors s m defined in (17) , with m = 1, . . . , M.
Proof: For each value of m and each value of n and q appearing in (18) , the Volterra's series expansion terms m (r, s m ) and m (r, s m ) obtained for the powers given by (18) depend on a subset of Volterra's series kernels. After recalling symmetry property (A.2), the problem of determining this subset of Volterra's kernels from the considered Volterra's series expansion terms is equivalent to the problem of determining the coefficients of a multivariate polynomial of degree m with p variables from its values computed at a unisolvent set of points [40] . It ensues that each Volterra's kernel in the subset is uniquely determined. Repeating for all values of q, n, and m, the thesis follows from Lemma 1. 
